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ON THE CANONICAL BUNDLE FORMULA AND LOG
ABUNDANCE IN POSITIVE CHARACTERISTIC
JAKUB WITASZEK
Abstract. We show that a weak version of the canonical bundle for-
mula holds for fibrations of relative dimension one. We provide various
applications thereof, for instance, using the recent result of Xu and
Zhang, we prove the log non-vanishing conjecture for three-dimensional
klt pairs over any algebraically closed field k of characteristic p ą 5.
We also show the log abundance conjecture for threefolds over k when
the nef dimension is not maximal, and the base point free theorem for
threefolds over Fp when p ą 2.
1. Introduction
Since the beginning of algebraic geometry, mathematicians have looked
for a way to classify all smooth projective varieties. A conjectural framework
for such a classification called the Minimal Model Program (MMP for short)
was established around forty years ago for the category of varieties with
Kawamata log terminal (klt) singularities, and a big part of the program
was shown to hold in characteristic zero at the beginning of this century
(see [BCHM10]). However, in characteristic p ą 0 the most basic results
of the Minimal Model Program are still widely open, notwithstanding the
recent progress in the case of surfaces (see [Tan14]) and threefolds when
p ą 5 (see [HX15], and also [CTX15], [Bir16], and [BW17]).
One of very important tools used in the characteristic zero birational ge-
ometry is the canonical bundle formula describing the behaviour of canonical
divisors under log Calabi-Yau fibrations. Not only does this formula allow
for a calculation of the canonical ring of a klt variety by means of the MMP,
but also plays a vital role in proofs of many fundamental results, like for
instance the log abundance conjecture for threefolds over C. Unfortunately,
in general the canonical bundle formula is false in positive characteristic,
even in a case of a smooth fibration from a surface to a curve (cf. Example
3.5).
The goal of this article is to embody an idea that the canonical bundle
formula in characteristic p ą 0 can be partially recovered, if we replace the
base of a log Calabi-Yau fibration by a purely inseparable cover, and, even
more importantly, to provide various applications thereof.
Theorem 1 (see Theorem 3.4). Let pX,∆q be an n-dimensional projective
log canonical pair defined over an algebraically closed field k of characteristic
p ą 0, let φ : X Ñ Z be a contraction with the generic fibre of dimension
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one, and let L be a Q-Cartier Q-divisor on Z satisfying KX ` ∆ „Q φ
˚L.
Assume that p ą 3, or that ∆ is big and p ą 2.
Then, there exists a purely-inseparable morphism f : T Ñ Z such that
f˚L „Q tf
˚KZ ` p1´ tqpKT `∆T q,
for some rational number 0 ď t ď 1 and an effective Q-divisor ∆T on T .
Tanaka (see [Tan16b]) constructed a Mori fibre space in characteristic two
and three with a non-klt base; in his example the singularity admits a purely-
inseparable cover by a smooth variety. However, note that our theorem does
not provide an insight into what the singularities of pT,∆T q are.
In view of this result and Tanaka’s work, it is compelling to speculate
about the existence of a “weighted scheme” living “in-between” T and Z
that would appropriately capture the geometry of X and allow for the in-
ductive iteration of the MMP. Alas, we do not know of a suitable category
of such objects.
Amongst its various applications, the canonical bundle formula stands
out in a synergy with nef reduction maps, that is rational maps φ : X 99K Z
which contract exactly these curves C passing through very general points of
X which satisfy L ¨C “ 0, where L is a given nef line bundle. The dimension
of Z is called the nef dimension of L and denoted by npLq. For the purpose
of tackling the base point free theorem and the abundance conjecture in
positive characteristic, we derive the following result from Theorem 1.
Theorem 2 (see Theorem 3.8). With assumptions as in Theorem 1, suppose
that KX`∆ is nef and npKX`∆q “ n´1. Assume that the resolution of sin-
gularities and the Minimal Model Program are valid1 for pn´1q-dimensional
varieties over k. Then, there exists a purely-inseparable morphism f : T Ñ Z
such that
f˚L „Q KT ` Γ,
for some pseudo-effective Q-divisor Γ on T .
One can show that if pX,∆q is klt and ∆ is big, then Γ is big as well. In
any case, the Q-divisor Γ is not canonically defined, and so there is no hope
to control the singularities of pT,Γq.
The main application of our canonical bundle formula pertains to the
abundance and the non-vanishing conjectures. After the first version of
this paper had been announced, Xu and Zhang showed the non-vanishing
conjecture for terminal threefolds ([XZ18]). Combining a generalisation of
our initial results (regarding the case of adjoint divisors of non-maximal nef
dimension) with their breakthrough theorem, we obtain the non-vanishing
conjecture for all three-dimensional klt pairs in characteristic p ą 5. To the
best of our knowledge, the result is new even when the boundary is empty.
Theorem 3 (Log non-vanishing). Let pX,∆q be a projective Kawamata log
terminal pair of dimension three defined over an algebraically closed field
k of characteristic p ą 5. Assume that KX `∆ is pseudo-effective. Then
κpKX `∆q ě 0.
1see Remark 3.9 for a clarification
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The abundance conjecture is one of the most fundamental open problems
left in the study of the birational geometry of threefolds in characteristic p ą
5, and it has gathered much attention recently, leading to very interesting
results by Das, Hacon, Waldron, and Zhang (see [DW16, Wal17a, Zha17]).
It predicts that a log minimal model is either of general type or admits a
“log Calabi-Yau” fibration over a lower dimensional variety. We can show
the log abundance conjecture when the nef dimension is not maximal.
Theorem 4 (Log abundance for non-maximal nef dimension). Let pX,∆q
be a projective Kawamata log terminal pair of dimension three defined over
an algebraically closed field k of characteristic p ą 5. Assume that KX `∆
is nef and npKX `∆q ď 2. Then KX `∆ is semiample.
This, combined with [Zha17], shows log abundance when dimAlbpXq ą 0
(see Corollary 4.13). Theorem 4 seems to be a valuable step towards the
proof of the log abundance conjecture for klt three-dimensional pairs (see
Remark 4.14).
The initial motivation for our study of the canonical bundle formula in
positive characteristic stemmed from our interest in low characteristic bira-
tional geometry. Despite the substantial progress on the MMP in character-
istic p ą 5, very little is known for p ď 5. The geometry of threefolds in low
characteristic seems surprisingly mysterious, and it is widely open whether
the basic results such as the base-point-free theorem or the existence of flips
should hold or not.
Our main contribution in this direction is the proof of the base point free
theorem over Fp when p ą 2; we build on the work of Keel who showed this
result for big line bundles (but an arbitrary p ą 0) in the seminal paper
[Kee99]. In particular, we get the existence of log Mori fibre spaces for
threefolds over Fp when p ą 2.
Theorem 5 (Base point free theorem over Fp). Let pX,∆q be a three-
dimensional projective log canonical pair defined over Fp for p ą 2 and
let L be a nef Cartier divisor such that L´ pKX `∆q is nef and big. Then
L is semiample.
The above result generalises [NW17, Theorem 1.2]. Note that the base point
free theorem for threefolds has been shown to hold over any algebraically
closed field of characteristic p ą 5 by Birkar and Waldron (see [BW17]).
We can also show the equality of the Kodaira dimension and the nef
dimension in the base point free theorem in characteristic p ą 2 except
when L ” 0.
Theorem 6 (Strong non-vanishing in the base point free theorem). Let
pX,∆q be a three-dimensional projective Kawamata log terminal pair defined
over an algebraically closed field of characteristic p ą 2 and let L be a nef
Cartier divisor such that L ´ pKX ` ∆q is nef and big. When npLq “ 0,
assume dimalbpXq ‰ 1. Then κpLq “ npLq.
Although Theorem 5 and Theorem 6 were known to hold before when
p ą 5, we believe that they are interesting for two-fold reason: to the best
of our knowledge, these are the first substantial positive results in the MMP
for threefolds in low characteristic since the work of Keel (see [CT16] and
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[Tan16b] for the negative results), and further the proofs are completely in-
dependent of the existence of flips in positive characteristic.
We finish off this part of the introduction by depicting the historical back-
ground. The canonical bundle formula in characteristic zero has been devel-
oped by Kodaira, Kawamata, Fujino, Mori, Shokurov, and Ambro, among
others (cf. [Amb04]). The case of contractions of relative dimension one
with coefficients of ∆ greater than 2
p
in characteristic p ą 0 has been veri-
fied in [CTX15] (see also [DH16]). The canonical bundle formula for when
the generic fibre is F-split has been obtained in [DS15], while an analogue
of the canonical bundle formula for when the generic fibre is F-pure may be
found in [Eji16, Theorem 1.4] (cf. [Pat12]).
The base-point-free theorem for threefolds over algebraically closed fields
of characteristic p ą 5 has been proven in [Bir16] and [BW17] based on
[Kee99], [HX15] and [CTX15]. To the best of our knowledge, the idea to
apply the nef reduction map in the context of the base point free theorem
in positive characteristic was employed for the first time in the article of
Cascini, Tanaka, and Xu ([CTX15]), to which our work owns a great deal.
In fact, a part of our article may be seen as a natural generalisation of
[CTX15] to the case of arbitrary coefficients and p ą 2 (cf. [CTX15, Theorem
1.9]). Some log canonical variants of the base-point-free theorem have been
obtained in [MNW15] (for L big over Fp), [NW17] (for p ą 5 over Fp),
and [Wal17b] (lc-MMP). Certain important special cases of the abundance
conjecture have been proven in [Wal17a] (Kodaira dimension two), [DW16]
(Kodaira dimension one and partially for nef dimension zero), and [Zha17]
(when the Albanese dimension is non-zero and the boundary is empty and
partially for klt boundaries).
An idea of the proof of Theorem 1 and Theorem 2. We start by
providing a sketch of the proof of Theorem 1. By the assumptions on the
characteristic, we can assume that the generic fibre is smooth (see Proposi-
tion 2.2). Let F be a general fibre of φ. If k was of characteristic zero, then
pF,∆|F q would be log canonical. Unfortunately, this need not be true in
positive characteristic, but in those cases when pF,∆|F q is indeed lc, then
the theorem follows by the standard proof of the canonical bundle formula
for fibrations of relative dimension one (see Proposition 3.2).
Hence, we can assume that pF,∆|F q is not lc. As a consequence, we can
show that ∆ “ aT`B for an irreducible divisor T such that φ|T is generically
purely inseparable of degree pk for some k P N, an effective Q-divisor B
such that T Ę SuppB, and a rational number a such that 0 ă 1
pk
ă a ď 1.
For simplicity, assume that X, Z, T and φ are smooth, and φ|T is purely
inseparable. We are going to show that Theorem 1 holds for f “ φ|T .
To this end, we choose t P Qě0 such that a “
1
pk
t` p1´ tq and write
KX `∆ “ tpKX `
1
pk
T q ` p1´ tqpKX ` T q `B.
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By taking a base change XT of X via f and applying the adjunction, one
can show that pKX `
1
pk
T q|T „Q f
˚KZ (see Lemma 3.3). Therefore,
f˚L „Q pKX `∆q|T „Q tf
˚KZ ` p1´ tqKT `B|T ,
which concludes the proof.
As for the proof of Theorem 2, we use the MMP to show that P :“
KZ ` λL is pseudoeffective for some λ ą 0 (see Lemma 3.7). Then
p1` tλqf˚L „Q tf
˚pKZ ` λLq ` p1´ tqKT `B|T
“ p1´ tqKT ` tf
˚P `B|T .
Now, the theorem follows by composing f with some power of Frobenius.
An idea of the proof of Theorems 3–6. In what follows, we assume for
simplicity that the nef reduction map ψ : X 99K Z of KX `∆ is proper.
Let us start with Theorem 3. We can assume that KX`∆ is nef by replac-
ing pX,∆q by its minimal model. Furthermore, by bounding the lengths of
extremal rays (as in [KMM94]), one can see that this theorem follows from
the validity of the non-vanishing conjecture for terminal threefolds (shown
in [XZ18]) and the log non-vanishing conjecture for when npKX `∆q ď 2.
Thus, it is enough to show Theorem 4.
We split the proof of Theorem 4 into three cases depending on the nef
dimension. Assume npKX ` ∆q “ 0. If AlbpXq ‰ 2, then the log abun-
dance follows from [Zha17]; if dimAlbpXq “ 2, we apply Theorem 1 to the
Albanese map (see Proposition 4.4 for details). When npKX `∆q “ 1, the
proof is a simple consequence of the abundance for surfaces (see Proposition
4.5).
We are left to show log abundance when npKX`∆q “ 2. A key component
used to tackle this case is the following result, the proof of which is based
on a careful study of the classification of surfaces.
Lemma (Lemma 5.1, cf. [MNW15, Theorem 1.4]). Let Z be a normal Q-
factorial projective surface defined over an algebraically closed field k and
let ∆Z be a pseudo-effective Q-divisor such that KZ `∆Z is nef of maximal
nef dimension. Then KZ `∆Z is Q-effective up to numerical equivalence.
Using Theorem 2, we can descend KX ` ∆ via the nef reduction map
ψ : X Ñ Z to an adjoint divisor KZ `∆Z , with ∆Z pseudo-effective, up to
replacing Z by a purely inseparable cover. Then the above lemma gives that
KZ `∆Z , and so KX `∆, are Q-effective up to numerical equivalence.
The proof of the semiampleness of KX `∆ employs a special dlt modifi-
cation, abundance for slc surfaces, and the evaporation technique. We refer
the reader to Subsubsection 4.2.3 for an explanation of the idea of the proof.
The proofs of Theorem 5 and Theorem 6 are of a similar nature. The
main difference is that when npLq “ 3, we apply [CTX15, Theorem 1.4] and
(in the proof of the former theorem) the base-point-free theorem for big line
bundles over Fp (see [MNW15, Theorem 1.1] and [Kee99, Theorem 0.5]).
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1.1. Outline of the paper. In Section 2, we gather preliminary results: we
describe the behaviour of the relative canonical divisor under base change
(Proposition 2.4), recall special properties of varieties over Fp (Subsection
2.1), and provide a recap of basic facts about Chow varieties (Subsection
2.2) which we then use to define nef reduction maps over countable fields
(Subsection 2.3). In Section 3, we show Theorem 1 and 2. In Section 4, we
prove Theorem 3, 4, 5, and 6.
1.2. Notation and conventions.
‚ We say that X is a variety if it is integral, separated, and of finite
type over a field k.
‚ We call pX,∆q a log pair ifX is a normal variety and ∆ is an effective
Q-divisor on X such that KX `∆ is Q-Cartier. If ∆ is not effective,
then we call pX,∆q a sub-log pair.
‚ We say that a morphism f : X Ñ Y is a contraction if X and Y are
normal varieties, f˚OX “ OY , and f is projective and surjective.
‚ We call a divisor D Ď X horizontal with respect to a contraction
f if f |D is dominant; if this is not the case, then we call D vertical.
We denote the horizontal and the vertical part of a Q-divisor ∆ by
∆h and ∆v, respectively.
‚ We say that a dominant morphism f : X Ñ Y is purely-inseparable
if the extension of fractions fields KpY q{KpXq is purely-inseparable,
in particular the identity is a purely-inseparable morphism.
‚ We say that a dominant morphism f : X Ñ Y is of relative dimen-
sion k if the generic fibre Xµ is of dimension k, i.e. dimX´dimY “
k.
‚ Let D Ď X be a divisor on a scheme X, let π : D Ñ D be the
normalisation of D, and let L be any Q-Cartier divisor on X. Then
by abuse of notation we denote π˚L|D by L|D.
‚ Given a reduced scheme X of finite type over a field and its nor-
malisation X Ñ X, we define the conductor D Ď X as the scheme
defined by the maximal possible ideal sheaf I satisfying IOX Ď OX .
‚ Let D be a Q-divisor on a scheme X. Then there exists a unique
decomposition D “ Dą0 ` Dă0 such that Dą0 is an effective Q-
divisor (which we call the positive part of D) and Dă0 is an anti-
effective Q-divisor (which we call the negative part of D).
‚ We say that a Q-divisor D on a normal variety X is pseudo-effective
if for every ample Q-Cartier Q-divisor A the sum D`A is Q-linearly
equivalent to an effective Q-divisor. Note that we do not assume
that D is Q-Cartier. The image of a pseudo-effective divisor under
any proper birational morphism is pseudo-effective.
2. Preliminaries
We refer to [KM98] and [Kol13] for basic definitions in birational geometry,
and to [Sta14, Tag 0BRV] for the theory of curves over arbitrary fields.
The observation that semiampleness can be verified after taking a purely
inseparable cover plays a fundamental role in this paper.
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Lemma 2.1 (cf. [Kee99, Lemma 2.10]). Let f : X Ñ Y be a proper surjective
morphism of normal varieties. Then a line bundle L is semiample if and
only if f˚L is semiample.
The following result says that Fano or Calabi-Yau fibrations of relative
dimension one have smooth generic fibres in a sufficiently large characteris-
tic.
Proposition 2.2. Let X be a normal variety defined over a field of charac-
teristic p ą 0, and let f : X Ñ Z be a contraction of relative dimension one
with the generic fibre Xµ. Assume that
(1) degKXµ ă 0 and p ą 2, or
(2) degKXµ “ 0 and p ą 3.
Then Xµ is smooth.
Proof. SinceX is normal, Xµ is a regular curve over SpecKpZq, whereKpZq
is the fraction field of Z. Given that f˚OX “ OZ , we have H
0pXµ,OXµq “
KpZq. By [Sta14, Tag 0BY6, Lemma 49.8.3], the genus of C is zero when
degKXµ ă 0, and is one when degKXµ “ 0. Thus, the proposition follows
from [CTX15, Lemma 6.5] and [Zha17, Proposition 2.9]. 
We recall Raynaud’s flatification.
Theorem 2.3 ([RG71, Thm 5.2.2]). Let π : X Ñ S be a morphism of vari-
eties such that there exists an open subset U Ď S for which π|pi´1pUq is flat.
Then, there exists a birational morphism h : S1 Ñ S and a commutative
diagram
X 1 X
S1 S,
pi1 pi
h
such that π1 is flat, where X 1 is the closure of the generic fibre Xµ of π in
X ˆS S
1.
In particular, if S is normal, then there exists an open subset U Ď S,
whose complement is of codimension at least two, such that π is flat over
U . Let us note that every morphism with equidimensional fibres between
regular schemes is flat.
Last, we describe the behaviour of the relative canonical divisor under
base change.
Proposition 2.4 (cf. [CZ15, Proposition 2.1 and Theorem 2.4]). Let φ : X Ñ
Z be a flat contraction between Gorenstein quasi-projective varieties. Let
f : T Ñ Z be a generically finite surjective morphism from a Gorenstein
quasi-projective variety T such that X 1 :“ XˆZ T is reduced and let π : Y Ñ
X 1 be the normalisation of X 1 sitting inside the following commutative dia-
gram
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Y X 1 X
T Z.
pi
h
g
φ1 φ
f
Then h˚KX{Z “ KY {T `D, where D is an effective divisor supported on the
conductor of π.
Proof. By [Sta14, Tag 0C02, Lemma 46.26.7], the morphism φ is Gorenstein.
Thus φ1 is Gorestein as well ([Sta14, Tag 0C02, Lemma 46.26.8]), and so
is X 1 by [Sta14, Tag 0C02, Lemma 46.26.6]. Further, [CZ15, Proposition
2.3] implies that g˚ωX{Z “ ωX1{T . We can conclude the proof by [Rei94,
Proposition 2.3] (cf. [Tan15, Proposition 2.10]). 
Remark 2.5. Note that X 1 in the statement of Proposition 2.4 is reduced
if and only if X ˆKpZq KpT q is reduced, where KpZq and KpT q are the
fraction fields of Z and T , respectively. Indeed, since φ is a flat morphism
between reduced schemes, it is S1, and hence φ
1 is S1 as well. Thus X
1 has
no embedded points.
Recall that a finite universal homeomorphism is a morphism which is a
homeomorphism under any base change. In particular, purely inseparable
morphisms are finite universal homeomorphisms.
Lemma 2.6. Let f : X Ñ Y be a finite universal homeomorphism between
schemes of finite type over a field k of characteristic p ą 0 and let L be a nef
Cartier divisor on Y . Then L is semiample if and only if f˚L is semiample.
In particular, L is semiample if and only if L|Y red is semiample where Y
red
is the reduction of Y .
Proof. This is [Kee99, Lemma 1.4]. Note that the inclusion Y red Ď Y is a
finite universal homeomorphism. 
2.1. Special properties of varieties over Fp. We list some results on
line bundles on varieties over Fp which are only valid over this field.
Lemma 2.7 ([Kee99, Lemma 2.16]). Any numerically trivial line bundle on
a variety X defined over Fp is torsion.
On normal projective surfaces over Fp, nef line bundles are semiample
under very weak conditions. Note that such surfaces are always Q-factorial
(see [Tan14, Theorem 4.5])
Theorem 2.8 ([Art62, Theorem 2.9], cf. [Kee99, Corollary 0.3]). If D is a
nef and big divisor on a normal projective surface S defined over Fp, then it
is semiample.
Theorem 2.9. Let S be a normal projective surface defined over Fp and let
∆ be a pseudo-effective Q-divisor on S. Assume that KS `∆ is nef. Then
it is semiample.
Proof. This is [MNW15, Theorem 1.4] as we can write ∆ “ N ` P for a
nef Q-divisor N and an effective Q-divisor P by Zariski decomposition (see
[Laz04]). 
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2.2. Chow varieties. In this subsection, we recall basic properties of Chow
varieties and algebraic equivalence relations closely following [Kol96, Chap-
ter I]. The theory is used in Subsection 2.3 to construct nef reduction maps
over countable algebraically closed fields. Let X be a fixed projective variety
defined over an algebraically closed field k.
We define an effective d-dimensional algebraic cycle on X to be a finite
formal sum
ř
airVis, with ai P N, and Vi irreducible, reduced, and closed
d-dimensional subschemes.
Definition 2.10. A well defined family of effective proper d-dimensional
algebraic cycles ofX over a k-varietyW , denoted pg : U ÑW q, is an effective
algebraic cycle U “
ř
mirUis on X (here Ui are its irreducible components)
together with a proper morphism g : SuppU Ñ W to a reduced scheme W
such that for every i the restriction g|Ui is surjective onto an irreducible
component of W with fibres of dimension d. Further, we assume a technical
condition necessary for the existence of the cycle theoretic fibre gr´1spwq at
all w PW (see [Kol96, I, 3.10.4] for details).
We say that a well defined family of algebraic cycles pg : U Ñ W ) satisfies
the field of definition condition if gr´1spwq is defined over kpwq for every
w PW . In particular, if W “ Spec k for an algebraically closed field k, then
the field of definition condition is automatically satisfied. Accordingly, we
can define:
ChowsmallpXqpZq :“
$’’&
’’%
Well defined algebraic families
of proper effective cycles
of X ˆ Z over Z which satisfy
the field of definition condition.
,//.
//- .
This is a well defined functor on the category of semi-normal schemes ([Kol96,
Definition I, 7.2.1]).
Fix an ample Cartier divisorH onX. For d, d1 P N, we defineChowsmalld,d1 pXq
to be the subfunctor of ChowsmallpXq describing families of effective cycles
of dimension d and degree d1 with respect to H.
Theorem 2.11 ([Kol96, IV, Theorem 4.13]). Let X be a projective va-
riety over a field k. Then there exists a semi-normal projective scheme
Chowd,d1pXq coarsely representing Chow
small
d,d1 pXq.
Unfortunately, the universal family over Chowd,d1pXq need not satisfy the
field of definition condition, and so it is not a cycle in Chowsmalld,d1 pXq.
Now we turn our attention to equivalence relations defined by subschemes
of Chow1,d1pXq for a normal projective variety X. We refer to [Kol96, IV,
Definition 4.2] for the definition of a proalgebraic relation. Given a proper
subscheme V Ď Chow1,d1pXq parametrizing connected 1-cycles, one can con-
struct a proalgebraic proper connected relation R (see [Kol96, IV, Theorem
4.8]) which identifies two points x1, x2 P X if and only if there exists a
connected curve C such that x1, x2 P C and C is build-up from cycles repre-
sented by V (see [Kol96, IV, Definition 4.7] for the formal statement). The
proalgebraic relation R is a countable union of proper algebraic relations
R1, R2, R3, ¨ ¨ ¨ .
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Theorem 2.12 ([Kol96, IV, Theorem 4.16]). Let m be any natural number.
Then the quotient of a normal projective variety X by R1, . . . , Rm as above
exists. More precisely, there exists an open subvariety X0 Ď X and a proper
morphism π : X0 Ñ Z0 with connected fibres such that:
‚ R is an equivalence relation on X0, and
‚ π´1pzq coincides with an R-equivalence class for every z P Z0.
When R is the union of R1, . . . , Rm, this says that a curve C Ď X in-
tersecting X0 is contracted by π if and only if C is build-up from curves
represented by V .
If R is merely a countable union of algebraic relations, then the quotient
exists as well (see [Kol96, IV, Theorem 4.17]), but π´1pzq coincides with
an R-equivalence class only for a very general z P Z0. This is an easy
consequence of the above theorem as the quotients by R1, . . . , Rm must
stabilise for m " 0.
2.3. Nef reduction map. This subsection is based on [BCE`02]. The
results therein are stated for complex algebraic varieties, but the proofs are
valid for all varieties defined over uncountable algebraically closed fields.
Definition 2.13. Let X be a normal projective variety defined over an
uncountable field k and let L be a nef Q-Cartier Q-divisor. We call a rational
map φ : X 99K Z a nef reduction map if Z is a normal projective variety and
there exists an open dense subset V Ď Z such that
(1) φ is proper over V and φ˚Oφ´1pV q “ OV ,
(2) L|F ” 0 for all fibres F of φ over V , and
(3) if x P X is a very general point and C is a curve passing through it,
then C ¨ L “ 0 if and only if C is contracted by φ.
Theorem 2.14 ([BCE`02, Theorem 2.1]). A nef reduction map exists for
normal projective varieties defined over an uncountable algebraically closed
field k. Further, it is unique up to a birational morphism.
We call npLq “ dimZ the nef dimension of L, where Z is the target of a
nef reduction map φ : X 99K Z.
The following result is fundamental in the proof of Theorem 2.14.
Theorem 2.15 ([BCE`02, Theorem 2.4]). Let X be a projective variety,
non-necessarily normal, defined over an uncountable algebraically closed field
k. Let L be a nef line bundle on X. Then L is numerically trivial if and
only if any two points in X can be joined by a connected chain C of curves
such that L ¨ C “ 0.
Now, let X be a normal projective variety defined over a countable alge-
braically closed field k, for instance k “ Fp or k “ Q¯, and let L be a nef line
bundle on it. The definition of a nef reduction map makes no sense for such
X as the set of its very general points is empty.
To circumvent this problem, we choose any uncountable algebraically
closed field K containing k, and take XK , LK to be the base changes of
X and L to SpecK, respectively. Thereafter, we can define the nef dimen-
sion as npLq :“ npLKq. In fact, the nef reduction map of LK is defined over
k, as the following result shows.
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Proposition 2.16. With notation as above, there exist a rational map
φ : X 99K Z to a normal projective variety Z and an open dense subset
V Ď Z such that
(1) φ is proper over V and φ˚Oφ´1pV q “ OV ,
(2) L|F ” 0 for all fibres F of φ over V , and
(3) if φK is the base change of φ to SpecK, then φK is a nef reduction
map of LK .
In particular, dimZ “ npLq.
Morphisms φ as above are independent of the choice of K.
Proof. Let V 1 Ď ChowpXKq be the countable union of all irreducible compo-
nents of the Chow variety parametrising one-cycles C satisfying LK ¨C “ 0.
Now, if φK : XK 99K Z
1 is any nef reduction map of LK , then it must be a
quotient by the algebraic equivalence relation induced by some irreducible
components V 11 , . . . , V
1
r of V
1. By definition, ChowpXKq » ChowpXq ˆk
SpecK, and so there exist irreducible components V1, . . . , Vr Ď ChowpXq
such that V 1i » Vi ˆk SpecK. Then, the assertion of the proposition is
satisfied for φ being the quotient of X by the algebraic equivelence relation
induced by V1, . . . , Vr (see Theorem 2.12). 
Definition 2.17. We call a morphism satisfying the assertions of Proposi-
tion 2.16 a nef reduction map of L on X.
It is natural to ask if a nef line bundle descends under its nef reduction
map. This is known to hold when the restriction of L to the generic fibre is
torsion, or when npLq “ 1.
Lemma 2.18. Let f : X Ñ Z be an equidimensional proper morphism be-
tween normal projective varieties. Let L be a nef Q-Cartier divisor on X
such that L|Xµ „Q 0, where Xµ is the generic fibre. Then, there exists a
Q-divisor LZ on Z such that L „Q f
˚LZ .
Proof. By assumptions, there exists a Q-divisor LZ on Z and an effective
Q-divisor E on Z such that:
‚ L` E „Q f
˚LZ ,
‚ dim fpEq ă dimZ, and
‚ for any irreducible component V Ď fpEq, we have f´1V Ę SuppE.
By Zariski’s lemma (more precisely [Fuj86, Lemma 1.5]), E “ 0, which
concludes the proof. 
Note that f˚LZ is well defined even when LZ is not Q-Cartier, because
f has equidimensional fibres.
Lemma 2.19. Let X be a normal projective three-dimensional variety de-
fined over an algebraically closed field k, let C be a smooth curve, let f : X Ñ
C be a contraction, and let Xµ be the generic fibre. Further, let L be a nef
Q-Cartier divisor on X such that L|Xµ ” 0. Then there exists a Q-divisor
D on C such that L ” f˚D.
Proof. By [BW17, Lemma 5.3], we have L ”f 0. ReplacingX by a resolution
of singularities, we can assume that X is smooth. Thus we can conclude the
proof by [BW17, Lemma 5.2]. 
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Last, let us state the following result which allows for applying the nef
reduction map in the context of the base point free theorem.
Theorem 2.20 ([CTX15, Theorem 1.4]). Let pX,∆q be a projective log pair
defined over an algebraically closed field k of characteristic p ą 0, and let
L be a nef Q-Cartier divisor such that L ´ pKX ` ∆q is nef and big and
npLq “ dimX. Then L is big.
3. A weak canonical bundle formula
The goal of this section is to show Theorem 3.4 (cf. Theorem 1) and
Theorem 3.8 (cf. Theorem 2).
3.1. The canonical bundle formula for boundaries separable over
the base. In this subsection, we derive the weak version of the canonical
bundle formula for when pXµ,∆|Xµq is log canonical where Xµ is the geomet-
ric generic fibre of φ (Proposition 3.2). To this end, we need the following
result.
Lemma 3.1. Let pX,∆q be a quasi-projective log pair defined over an al-
gebraically closed field k of characteristic p ą 0 and let φ : X Ñ Z be a
contraction. Assume that the generic fibre Xµ of φ is a smooth rational
curve, the coefficients of ∆h are at most one, and KX ` ∆ „Q φ
˚LZ for
some Q-Cartier Q-divisor LZ on Z. Further, suppose that Supp∆
h is a
union of sections of φ over the generic point of Z. Then LZ „Q KZ `∆Z
for some effective Q-divisor ∆Z.
This lemma follows from the standard canonical bundle formula with Supp∆h
separable and tamely ramified over Z, a result which is verified in [CTX15,
Subsection 6.2] (see also [DH16, Theorem 4.8] and [PS09]). Thus, we only
provide a sketch of the argument.
Proof. We are going to show that ∆Z “ ∆div ` ∆mob, where ∆mob is an
effective Q-divisor and
∆div :“
ÿ
Weil divisor Q
p1´ cQqQ, for
cQ :“ sup tc P Q | pX,∆ ` cφ
˚Qq is lc over the generic point of Qu.
As cQ ď 1, we get that ∆div is effective.
Consider the following diagram:
X
U0,m U X
M0,m Z,
pi2 pi1
γ
φU
ψ
φ
u
where
‚ M0,m is the moduli space of m-pointed stable curves of genus zero,
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‚ γ : U0,m Ñ M0,m is a P
1-bundle constructed by blowing-down divi-
sors on the universal family (see [DH16, Lemma 4.6]),
‚ u : Z 99K M0,m is a map given by the fact that φ : X Ñ Z is generi-
cally a P1-bundle with m sections Supp∆h,
‚ U :“ U0,m ˆM0,m Z,
‚ π1 : X Ñ X is a birational resolution of the rational map U 99K X.
Since effective divisors extend in codimension one, we can replace Z by a
smooth open subset Z 1 Ď Z whose complement is of codimension two and
X by X ˆZ Z
1 so that u : Z ÑM 0,m is a well defined morphism. Since Z is
smooth, KZ `∆div is a Q-Cartier Q-divisor.
To prove the lemma, it is enough to show that KX `∆´ φ
˚pKZ `∆divq
is semiample. Define ∆X as the log pullback of ∆ via π1, and set
∆U :“ pπ2q˚∆X .
By construction of U0,m and by the two-dimensional inversion of adjunction,
we have that pU,∆hU ` φ
´1
U Qq are lc over the generic points of irreducible
divisors Q Ď Supp∆div (cf. [DH16, (4.11)]). Since φU is a P
1-fibration, this
implies that ∆vU “ φ
˚
U∆div. Thus
KU `∆U ´ pφU q
˚pKZ `∆divq „Q ψ
˚pKU0,m{M0,m `Dq
where D is a sum of the canonical sections of γ with rational coefficients in
r0, 1s and KU0,m{M0,m`D is semiample by [DH16, Lemma 4.6]. This finishes
the proof of the lemma. 
The following result provides the first step in the proof of Theorem 3.4.
Proposition 3.2. Let pX,∆q be a quasi-projective log pair defined over an
algebraically closed field k of characteristic p ą 0 and let φ : X Ñ Z be a
contraction. Assume that the geometric generic fibre Xµ¯ of φ is a smooth
curve, pXµ¯,∆|Xµ¯q is log canonical, and KX`∆ „Q φ
˚LZ for some Q-Cartier
Q-divisor LZ on Z. Then LZ „Q KZ `∆Z for an effective Q-divisor ∆Z .
If we only require ∆Z to be pseudo-effective, then the proposition follows
from [Eji16, Theorem 4.5] (cf. [Eji16, Corollary 4.11]). Note that in charac-
teristic zero, if pX,∆q is log canonical, then so is pXµ¯,∆|Xµ¯q, but this need
not be true in positive characteristic due to the existence of inseparable
morphisms.
Proof. By blowing up along components of SingpXq of codimension two in
X which are not contracted by φ, we can obtain a birational morphism
g : Y Ñ X such that g˚pKX `∆q “ KY `∆Y for a Q-divisor ∆Y satisfying
codimZ pφ ˝ g pSingY Y Supp p∆Y qă0qq ě 2,
where p∆Y qă0 is the negative part of ∆Y . Indeed, consider the localisations
Xζi of X at the generic points of the components of SingpXq described
above. SinceXζi is of dimension two, we can construct its minimal resolution
by a series of blow-ups. Extending the blown-up loci to X and taking
normalisation provides us with Y as above. We replace X by Y and ∆ by
∆Y . Further, we replace Z by a smooth open subscheme U Ď Z whose
complement is of codimension two, and X by φ´1pUq. Thus, we can assume
that φ is flat, ∆ ě 0, and X, Z are smooth.
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Since pXµ,∆|µq is log Calabi-Yau, Xµ is either a smooth rational curve
or an elliptic curve. In the latter case, κpKX{Zq ě 0 by [CZ15, Subsection
3.1 and Claim 3.1]. Thus, we can write KX ` ∆ “ φ
˚KZ ` E ` ∆ for
some effective Q-divisor E „Q KX{Z , and by the Zariski lemma (see [Fuj86,
Lemma 1.5]), we get that E `∆ “ φ˚∆Z for some effective Q-divisor ∆Z
on Z. This finishes the proof when Xµ is an elliptic curve.
As of now, assume that Xµ » P
1, and consider the following Cartesian
diagram:
XT X
T Z,
ψ
φT φ
f
where f : T Ñ Z is any finite morphism with T normal which generically
factors through φ|Di : Di Ñ Z for every irreducible divisor Di Ď Supp∆
h
(for instance, set T to be the normal closure of Z in all the fraction fields
KpDiq), andXT is the normalisation of XˆZT . By replacing Z by a smaller
open subscheme with complement of codimension two, we can assume that
T is smooth. Then Proposition 2.4 implies that
ψ˚pKX `∆q „Q KXT {T `∆T ` φ
˚
T f
˚KZ
for some effective Q-divisor ∆T . Since the condition that pXµ¯,∆|µ¯q is log
canonical is stable under base change, the coefficients of the horizontal part
∆hT are at most one. Moreover Supp∆
h
T is a union of sections of φT over the
generic point of T . Thus by Lemma 3.1 we have
ψ˚pKX `∆q „Q φ
˚
T pf
˚KZ ` Eq,
where E is some effective Q-divisor on T . Therefore,
LZ „Q KZ `
1
deg f
f˚E. 
3.2. The proof of the weak canonical bundle formula. In the proof
of Theorem 3.4, we shall need the following lemma.
Lemma 3.3 (Purely inseparable relative adjunction). Let X be a regular
quasi-projective variety defined over a field k of characteristic p ą 0, let
φ : X Ñ Z be a contraction whose generic fibre is a smooth curve, let S Ď X
be a divisor such that φ|S : S Ñ Z is purely inseparable of degree p
k, and let
S˜ be the normalisation of S. Then,
`
KX{Z `
1
pk
S
˘
|S˜ „Q ∆,
for some effective Q-divisor ∆ on S˜.
In fact, the lemma holds if X is only Q-Gorenstein in codimension two
(see the beginning of the proof of Proposition 3.2). By means of localisation
at codimension two points, one can see that all klt varieties satisfy this
condition.
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Proof. We can assume that Z is regular and φ is flat by replacing Z by an
open regular subset U Ď Z whose complement is of codimension two, and
X by φ´1pUq. To ease the notation, write T :“ S˜ and f :“ φ|S˜ .
Consider the following diagram
Y X
T Z,
g
φ1 φ
f
where Y is the normalisation of X ˆZ T . The construction yields a natural
induced-by-f section T Ñ Y whose image by abuse of notation we denote
by T .
By Proposition 2.4, there exists an effective φ1-vertical divisor D such
that
g˚pKX{Z `
1
pk
Sq “ KY {T ` T `D.
The lemma follows by the standard adjunction on T . 
We are ready to prove the main theorem of this section.
Theorem 3.4 (Theorem 1). Let pX,∆q be a quasi-projective log pair defined
over an algebraically closed field k of characteristic p ą 0 and let φ : X Ñ Z
be a contraction with the generic fibre being a smooth curve. Assume that
the φ-horizontal divisors in ∆ have coefficients at most one, and KX`∆ „Q
φ˚LZ for some Q-Cartier Q-divisor LZ on Z.
Then, there exist a finite purely-inseparable morphism f : T Ñ Z and an
effective Q-divisor E on T , such that
f˚LZ „Q tKT ` p1´ tqf
˚KZ `E,
for some rational number 0 ď t ď 1.
Furthermore, if ∆ “ B ` A for an effective Q-divisor B and an ample
Q-Cartier Q-divisor A, then E is big.
If p ą 3, or ∆ is big and p ą 2, then the generic fibre is automatically
smooth by Proposition 2.2.
Proof. By the same argument as in Proposition 3.2 we can blow up along
components of SingpXq of codimension two in X which are not contracted
by φ, and obtain a birational morphism g : Y Ñ X such that g˚pKX `∆q “
KY `∆Y for a Q-divisor ∆Y satisfying
codimZ pφ ˝ g pSingY Y Supp p∆Y qă0qq ě 2,
where p∆Y qă0 is the negative part of ∆Y . We replace X by Y and ∆ by ∆Y
so that we have codimZpφ pSingX Y Supp∆ă0qq ě 2.
Let L :“ KX ` ∆ and let F be a general fibre of φ. Note that since
pKX ` ∆q ¨ F “ 0, we have ∆ ¨ F ď 2. If pF,∆|F q is log canonical, then
the theorem follows from Proposition 3.2 with f “ id. Thus, we can assume
that it is not log canonical, and so we can write ∆ “ aS `B for 0 ă a ď 1,
an irreducible divisor S, and an effective Q-divisor B such that S Ę SuppB
and
pF, aS|F q
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is not log canonical. We claim that φ|S is generically purely inseparable. To
this end, write S|F “
řr
i“1 p
kPi for some distinct points Pi P F , where p
k
is the degree of the purely inseparable part of the extension KpSq{KpZq.
Since aS ¨F ď 2, we have arpk ď 2, and since pF, aS|F q is not log canonical,
apk ą 1 holds. Therefore, r “ 1 and φ|S is generically purely inseparable of
degree pk ą 1. Further, 1
pk
ă a ď 2
pk
.
Let S˜ be the normalisation of S and let
S˜ T Z.
g
h
f
be the Stein factorisation of h :“ φ|S˜ , wherein g is birational. Since divisors
uniquely extend in codimension one and codimZpφ pSingX Y ∆ă0qq ě 2,
we can assume that g is an isomorphism, ∆ ě 0 and X, Z are smooth
by replacing Z by an open smooth subset U Ď Z whose complement is
of codimension two and X, S, S˜ by φ´1pUq, φ´1pUq X S, and h´1pUq,
respectively.
Recall that ∆ “ aS ` B, take 0 ď t ă 1 to be a rational number such
that a “ 1
pk
t` p1´ tq, and write
L “ tpKX `
1
pk
Sq ` p1´ tqpKX ` Sq `B.
By Lemma 3.3 and the standard adjunction we get
h˚LZ „Q L|S˜ „Q th
˚KZ ` p1´ tqKS˜ ` ES˜
for some effective Q-divisor ES˜ . Since g is an isomorphism, this finishes the
proof of the main part of the theorem.
Last, if ∆ “ B ` A as in the statement of the theorem, then A „Q
A1 ` φ˚AZ for some sufficiently general ample Q-Cartier Q-divisors A
1 and
AZ on X and Z, respectively. By applying the above proof to ∆ replaced
by B `A1, we can conclude. 
Example 3.5. It is easy to see that the canonical bundle formula is false in
positive characteristic even for smooth P1-fibrations from surfaces to curves
(cf. [Har77, V, Exercise 2.15]). Here, we give an example that in Theorem
3.4 it is moreover not enough to take f to be a power of Frobenius.
Let S be a smooth projective surface defined over an algebraically closed
field of characteristic two such that KS is ample, H
1pS, ω´1S q ‰ 0, but
H1pS, ω´2S q “ 0. Such a surface exists by [Eke88, Proposition I.2.14 and
Theorem II.1.7]. Let E be a vector bundle constructed as a non-trivial ex-
tension of ωS by OS and let X :“ PSpEq. By assumptions, F
˚E splits
providing a divisor D on X such that π|D is purely inseparable of degree
two, where π : X Ñ S is the natural projection.
We claim that L :“ KX `D is numerically trivial. Since S is of general
type, the claim shows that L cannot descend to a Q-divisor of the form
λKS ` P , where λ ą 0 and P is pseudo-effective. For the assertion of
Theorem 3.4 to hold one takes f to be a purely-inseparable cover of S by D.
In order to show that L is numerically trivial, we consider the following
Cartesian diagram
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X 1 X
S S,
φ
ρ pi
F
where X 1 :“ PSpF
˚Eq. Since π is smooth, so is ρ. In particular,
φ˚L “ φ˚KX{S ` ρ
˚F ˚KS ` 2S “ KX1 ` ρ
˚KS ` 2S,
wherein S Ď X 1 is a section of ρ such that S|S „ ´2KS . Thus,
φ˚L|S „ 0,
and since π is a P1-fibration and L is π-numerically trivial, it must be
numerically trivial.
Remark 3.6. Theorem 3.4 and Proposition 3.2 should work over any field k of
positive characteristic p ą 0 (non necessarily algebraically closed) contingent
upon the verification that the results in [CZ15, Subsection 3.1 and Claim
3.1] are valid over k.
3.3. Low dimensions. In this subsection, we show Theorem 3.8 (cf. Theo-
rem 2). The following lemma is a key component in its proof.
Lemma 3.7. Let X be a normal projective n-dimensional variety defined
over an algebraically closed field k of characteristic p ą 0 and let L be a nef
Q-Cartier Q-divisor on X such that npLq “ dimX. Assume that n “ 2, or
p ą 5 and n “ 3. Then, there exists a rational number λ ą 0 for which
KX ` λL is pseudo-effective.
The lemma is not true when npLq ă dimX. We refer to [Tan14] for
the main results of the Minimal Model Program for surfaces in positive
characteristic, and to [HX15], [CTX15], [Bir16], and [BW17] in the case of
threefolds.
Proof. Let π : X Ñ X be a resolution of singularities. Assume that there
exists λ ą 0 such that KX ` λπ
˚L is pseudo-effective. Then, KX ` λL is
pseudo-effective as well. Thus, by replacing X by X, we can assume that
X is terminal and Q-factorial. We do not assume that X is smooth for
inductive reasons.
First, we show the lemma under an additional assumption that all KX -
negative extremal rays R satisfy L ¨ R ą 0. To this end, set λ “ 2nm
for the Cartier index m P N of L. It is enough to show that KX ` λL is
nef. By contradiction, assume it is not. Then, there exists a curve C such
that pKX ` λLq ¨ C ă 0. Since L ¨ C ě 0, we must have KX ¨ C ă 0. By
the cone theorem, C is an affine combination of KX-negative extremal rays.
In particular, there must exist a KX -negative extremal curve R satisfying
pKX ` λLq ¨ R ă 0. However, by the additional assumption, mL ¨ R ě 1,
hence
pKX ` λLq ¨R ě 0,
since R belongs to an extremal ray and so it satisfies R ¨KX ě ´2n. This
is a contradiction.
In general we run a KX-MMP which contracts only those rays R which
satisfy L ¨ R “ 0. Since npLq “ dimX and X has terminal singularities
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this MMP terminates with a birational model (cf. [HX15]). Let f : X 99K Y
be the first step of the MMP and let LY :“ f˚L. By induction (the base
of the induction is satisfied by the above paragraph), we can assume that
PY :“ KY ` λLY is pseudo-effective for some λ ą 0. If f is a flip, then
KX ` λL “ f
˚PY is pseudo-effective as well. If f is a contraction of a
divisor D, then
KX ` λL „Q f
˚PY ` aD
for some a P Q. Since KX ¨R ă 0, we have a ą 0. This concludes the proof
of the lemma. 
Theorem 3.8 (Theorem 2). Let pX,∆q be a projective n-dimensional log
pair defined over an algebraically closed field k of characteristic p ą 0 and
let φ : X Ñ Z be a contraction with the generic fibre being smooth and of
dimension one. Suppose that the φ-horizontal divisors in ∆ have coefficients
at most one, KX ` ∆ is nef, and KX ` ∆ „Q φ
˚LZ for some Q-Cartier
Q-divisor LZ on Z. Further, suppose that npKX ` ∆q “ n ´ 1 or more
generally that KZ ` λLZ is pseudo-effective for some λ ą 0.
Assume that n ď 3, or p ą 5 and n “ 4. Then, there exists a finite purely-
inseparable morphism f : T Ñ Z, with T normal, and a pseudo-effective
Q-divisor ∆T on T such that
f˚LZ „Q KT `∆T .
Furthermore, if ∆ “ B ` A for an effective Q-divisor B and an ample Q-
Cartier Q-divisor A, then ∆T is big.
We do not know if the assumption that npKX ` ∆q “ dimZ (or more
generally that KZ ` λLZ is pseudo-effective) is necessary.
Proof. By Theorem 3.4, there exists a purely inseparable morphism f : T Ñ
Z such that
LT :“ f
˚LZ „Q tf
˚KZ ` p1´ tqKT ` E
for some effective Q-divisor E on T and 0 ď t ď 1. If t “ 1, then LZ „Q
KZ `
1
deg f
f˚E. Thus, we can assume that t ă 1. Lemma 3.7 implies that
there exists λ ą 0 such that P :“ KZ ` λLZ is pseudo-effective. Therefore,
p1 ` λqLT „Q tf
˚pKZ ` λLZq ` p1´ tqKT ` E
“ p1´ tqKT ` tf
˚P ` E.
Thus, there exists a rational number b ą 0 and a pseudo-effective Q-divisor
Q such that
bLT „Q KT `Q.
By replacing f by its composition with some power of Frobenius, we may
assume that
b
pk
LT „Q KT `Q
for k ě 0 such that b
pk
ă 1. Then
LT „Q KT `Q` p1´
b
pk
qLT ,
which concludes the proof.

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Remark 3.9. Theorem 3.8 is valid for contractions of relative dimension one
from a normal projective variety of dimension n contingent upon the valid-
ity of the terminal Minimal Model Program in dimension n ´ 1 (including
the termination of arbitrary sequences of flips) as well as the existence of
resolutions of singularities.
4. Applications
The goal of this section is to show Theorem 3, 4, 5, and 6.
4.1. Nef reduction map and the canonical bundle formula. In this
subsection, we prepare the toolkit for tackling the case of nef dimension
two in the applications of the canonical bundle formula to threefolds; more
precisely we deal with the issue that nef reduction maps are well defined
only up to a birational modification. On the first reading of the article,
the reader might consider skipping this subsection by assuming that the en-
countered nef reduction maps are proper morphisms. With this assumption,
Proposition 4.2 is a special case of Theorem 3.8.
We start by stating a simple lemma used to resolve rational maps.
Lemma 4.1. Let X be a normal projective threefold defined over an al-
gebraically closed field k, and let L be a nef Cartier divisor on it. Let
φ : X 99K Z be a map of relative dimension one which is proper over an
open subset V Ď Z and such that φ˚Oφ´1pV q “ OV . Assume that L|Xµ „Q 0
where Xµ is the generic fibre. Then the map φ, after possibly replacing Z
by a birational modification, admits a birational resolution
Y X Z.g
ψ
φ
with ψ equidimensional, Y normal, Z smooth, and such that
(1) g˚L „Q ψ
˚LZ for a Q-divisor LZ on Z, and
(2) no curve on Y is contracted by both g and ψ.
In particular, (2) implies that no g-exceptional divisor on Y is contracted
by ψ to a point. By a birational modification of Z, we mean an arbitrary
surface Z 1 which is birational to Z.
Proof. First, we pick an arbitrary resolution of φ, that is a birational mor-
phism g : Y Ñ X for which there exists a map ψ : Y Ñ Z such that ψ “ φ˝g.
Replacing ψ by Raynaud’s flatification (see Theorem 2.3) we can assume that
ψ is equidimensional. Replacing Z by its resolution of singularities, and Y
by the normalisation of an appropriate base-change, we can assume that Z
is smooth. By Lemma 2.18, there exists a Q-divisor LZ on Z such that
g˚L „Q ψ
˚LZ . Hence, (1) holds.
We show that (2) holds if we replace Y by the common factorisation of g
and ψ. More precisely, we pick very ample Cartier divisors AX , AZ on X
and Z, respectively, and replace Y by the image of the semiample fibration
associated to the basepoint-free divisor g˚AX ` ψ
˚AZ . Therefore, we can
assume that g˚AX ` ψ
˚AZ is ample, and so (2) holds. 
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Proposition 4.2. Let pX,∆q be a projective three-dimensional log pair de-
fined over an algebraically closed field k of characteristic p ą 3 (or p ą 2 if
∆ is big) such that L :“ KX `∆ is nef, npLq “ 2, and the coefficients of ∆
are at most one. Then there exists a diagram
X Y
T Z
φ
g
ψ
f
with g being birational, ψ being an equidimensional contraction, f being
generically purely inseparable, φ being a nef reduction map for L, the variety
Y being normal, and Z, T being smooth such that
(1) g˚L „Q ψ
˚LZ for a Q-divisor LZ on Z, and
(2) f˚LZ „Q KT `∆T ´M for a pseudo-effective Q-divisor ∆T and an
effective Q-divisor M satisfying f˚LZ |SuppM ” 0.
Moreover, if ∆ is big and t∆u “ 0, then ∆T is big.
Proof. We shall show the proposition for T being normal. Thereafter, we
replace it by its minimal resolution of singularities.
Take φ to be a nef reduction map for L and note that by abundance
for curves L|Xµ „Q 0 where Xµ is the generic fibre. Furthermore, Xµ is a
smooth curve by Proposition 2.2. After possibly replacing Z by a birational
modification, Lemma 4.1 implies the existence of the diagram as above with
Y normal, Z smooth, and ψ a contraction. Moreover, there exists a Q-
divisor LZ on Z such that ψ
˚LZ „Q g
˚L. For the divisor M :“ ψpExc gq,
we have LZ |M ” 0 and Exc g Ď Suppψ
˚M (see Lemma 4.1(2)). Write
KY `∆Y “ g
˚pKX `∆q.
Pick a rational number b ą 0 such that ∆Y ` bψ
˚M is effective. Then by
Theorem 3.4 applied to g˚L ` bψ˚M “ KY ` ∆Y ` bψ
˚M , there exists a
purely inseparable cover f : T Ñ Z, a pseudo-effective Q-divisor ∆T , and a
rational number 0 ď t ď 1 such that
f˚pLZ ` bMq „Q tf
˚KZ ` p1´ tqKT `∆T .(1)
If t “ 1, then in fact we can take f “ id. If t ‰ 1, then
p1` λqf˚LZ „Q p1´ tqKT ` tf
˚PZ `∆T ´ bf
˚M,
where λ ą 0 is such that PZ :“ KZ ` λLZ is pseudo-effective (see Lemma
3.7). We can conclude by composing f with a power of Frobenius as in the
proof of Theorem 3.8.
Now assume that ∆ is big and t∆u “ 0. We can write ∆ „Q p1 ´ ǫq∆ `
ǫE` ǫA where 0 ă ǫ ! 1 and ∆ „Q A`E for an ample Q-divisor A and an
effective E. Then Theorem 3.4 implies that ∆T is big. 
Remark 4.3. The above proposition holds for L “ KX `∆`N , where N is
any nef and big Q-Cartier Q-divisor, by means of perturbation. Indeed, it is
enough to show that Equation (1) holds in the above proof. To this end, we
invoke Theorem 3.4 as above but with g˚L`bψ˚M “ KY`∆Y`g
˚N`bψ˚M
replaced by
KY `∆Y ` p1´ ǫqg
˚N ` ǫA` bψ˚M
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where A is an ample Q-divisor on Y of relative degree over Z equal to that
of g˚N and 0 ă ǫ ! 1. By taking ǫÑ 0, we get (1) with ∆T pseudoeffective.
4.2. Non-vanishing and abundance conjectures. In this subsection, we
show the log non-vanishing conjecture for klt pairs in characteristic p ą 5.
Furthermore, we prove the log abundance conjecture for klt pairs of non-
maximal nef dimension.
We divide the proof into three cases depending on the nef dimension.
4.2.1. Nef dimension zero.
Proposition 4.4. Let pX,∆q be a projective three-dimensional Kawamata
log terminal pair defined over an algebraically closed field k of characteristic
p ą 5. Assume that KX `∆ ” 0. Then KX `∆ „Q 0.
Proof. Set L :“ KX `∆. By replacing X by its Q-factorialisation, we may
assume that X is Q-factorial. The theorem is clear when dimalbpXq “ 0
and it follows from the abundance for surfaces and [Zha17, Theorem 4.3 or
Theorem 1.2] when dimalbpXq “ 1. If dim albpXq “ 2, then we apply The-
orem 3.4 to the connected-fibres part g : X Ñ S of the Stein factorisation
of the albanese morphism. Note that the generic fibre is smooth by Propo-
sition 2.2. Therefore, we get a purely inseparable morphism f : T Ñ S and
an effective Q-divisor ∆T on T satisfying
f˚LS „Q tf
˚KS ` p1´ tqKT `∆T ,
where LS is such that g
˚LS „Q L. Since T and S admit generically finite
morphisms to an abelian variety, they cannot be uniruled, and hence κpSq ě
0 and κpT q ě 0. Thus f˚LS is Q-effective, and so are LS and L. Last, when
dimalbpXq “ 3, the theorem follows from [DW16, Theorem C] (equivalently,
run a KX -MMP and apply [DW16, Theorem A.1] or [Zha17, Theorem 1.1]).

4.2.2. Nef dimension one.
Proposition 4.5. Let L be a nef Q-Cartier Q-divisor on a projective three-
dimensional variety defined over an algebraically closed field k, satisfying
npLq “ 1. Assume that L „Q KX `∆ for some log canonical pair pX,∆q,
or k “ Fp. Then L is semiample.
Proof. Let φ : X Ñ Z be a nef reduction map of L. It is well defined as
dimZ “ 1 and every rational map to a curve extends to a proper morphism.
Furher, φ is equidimensional.
We claim that there exists a Q-divisor LZ on Z such that φ
˚LZ „Q L.
Indeed, when L „Q KX `∆, the abundance for surfaces (see [Tan16a, The-
orem 1.1]) implies L|Xµ „Q 0 where Xµ is the generic fibre of X, and hence
the claim follows from Lemma 2.18. Over Fp the claim is a consequence of
Lemma 2.19 and Lemma 2.7.
We can conlude, as npLZq “ 1 and so the Q-divisor LZ is ample. 
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4.2.3. Nef dimension two. We are left to show the case of nef dimension
two. The idea of the proof is the following. Assume for simplicity that
the nef reduction map ψ : X 99K Z of KX `∆ is proper. Then, using the
canonical bundle formula derived in this article, we can descend KX `∆ to
an adjoint divisor KZ `∆Z , with ∆Z pseudoeffective, up to replacing Z by
a purely inseparable cover. By a careful study of adjoint divisors on surfaces
(Lemma 5.1), we get that KZ `∆Z ” DZ for an effective Q-divisor DZ , and
so KX `∆ ” D for D :“ ψ
˚DZ .
Now, we modify pX,∆q so that pX,∆q is dlt and SuppD Ď t∆u; this
is done by replacing ∆ with maxp∆,SuppDq and taking a minimal model
of an appropriate dlt modification (Lemma 4.6). Then pKX ` ∆q|SuppD
is semiample by abundance for slc surfaces (see [Wal17b, Theorem 1.3]),
from which we infer that pKZ `∆Zq|SuppDZ is semiample as well (Lemma
4.7). Consequently, κpKZ `∆Zq ě 0 by a careful study of adjoint divisors
on surfaces (Lemma 5.1). Hence, up to another modification of pX,∆q we
can assume that DZ „Q KZ `∆Z . In this case, we apply the evaporation
technique to show thatKZ`∆Z is big (Lemma 5.3), proccuring that κpKX`
∆q ě 2. This concludes the proof of the semiampleness of KX `∆ thanks
to [Wal17a, Theorem 1.3].
The statements and the proofs of the required results for adjoint divisors
on surfaces may be found in Section 5 (see Lemma 5.1).
The following lemma is a variation on the standard result used in the
proof of the abundance conjecture for threefolds in characteristic zero.
Lemma 4.6 (cf. [K`92, Lemma 13.2]). Let pX,∆q be a three-dimensional
dlt pair defined over an algebraically closed field of characteristic p ą 5 such
that X is Q-factorial. Suppose that KX`∆ is nef and there exists an effective
Q-divisor D satisfying D ” KX `∆. Then, there exists a three-dimensional
dlt pair pY,∆Y q such that
(1) KY `∆Y is nef,
(2) npKY `∆Y q “ npKX `∆q,
(3) κpKX `∆q ď κpKY `∆Y q ď κpKX `∆` rDq for some r ą 0,
(4) KY `∆Y ” E for an effective Q-divisor E with SuppE Ď t∆Y u,
(5) pY zSuppE,∆Y q » pX zSuppD,∆q.
Moreover, if D „Q KX `∆, then KY `∆Y „Q E in (4).
The pair pY,∆Y q is nothing but a log minimal model of a dlt blow-up of
pX, r∆q, where r∆ :“ maxp∆,SuppDq. For the convenience of the reader, we
append the detailed construction below.
Proof. We will construct the following commutative diagram
W
Y X.
h g
Let g : W Ñ X be a resolution of singularities of pX,Suppp∆ ` Dqq with
exceptional locus Exc. Set
∆W :“ maxpg
˚∆´KW {X ,Supppg
´1
˚ Dq ` Excq,
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that is ∆W is constructed from the log pullback of ∆ by replacing all the
coefficients of irreducible divisors in Supppg´1˚ Dq`Exc by one. Since pX,∆q
is dlt, we can write KW ` ∆W ” EW , where EW is an effective Q-divisor
with SuppEW Ď Supppg
´1
˚ Dq`Exc Ď t∆W u. By replacingW by the output
of a pKW `∆W q-MMP over X and using again that pX,∆q is dlt, we can
assume that W zSuppEW » X zSuppD and SuppEW “ Supp g
˚D.
Now, run a full pKW ` ∆W q-MMP. Since KW ` ∆W is pseudoeffective,
it terminates with a minimal model h : W 99K Y ; in particular KY ` ∆Y
is nef for ∆Y :“ h˚∆. Furthermore, KY ` ∆Y ” E and SuppE Ď t∆Y u,
where E :“ h˚EW . Hence, (1) and (4) hold. Since h and g are isomorphisms
outside of EW , we get (5).
To show (2) and (3), we find h1 : W 1 ÑW such that h˝h1 is a well defined
morphism. Replace h by h ˝ h1 and g by g ˝ h1. Then
g˚pKX `∆q ď h
˚pKY `∆Y q ď g
˚pKX `∆` rDq
for some r ą 0 . The first inequality follows from the negativity lemma:
g˚pKX`∆q ď h
˚h˚g
˚pKX`∆q ď h
˚pKY `∆Y q, while the second inequality
is a consequence of (5) as Supp g˚D “ Supph˚E. Therefore,
npKY `∆Y q “ npKX `∆q, and
κpKX `∆q ď κpKY `∆Y q ď κpKX `∆` rDq,
concluding the proof of the lemma. 
Lemma 4.7. Let X be a three-dimensional projective variety defined over
an algebraically closed field k of characteristic p ą 0, let ψ : X Ñ Y be an
equidimensional contraction onto a surface Y , let M be a Cartier divisor on
Y , and let C be any reduced divisor on Y . Assume that ψ˚M |S is semiample
for the reduction S of ψ´1pCq. Then M |C is semiample.
Note that C is not necessarily irreducible.
Proof. Let
S rC C
ψ|S
v u
be the Stein factorisation of ψ|S . Since pψ|Sq
˚pM |Cq “ ψ
˚M |S is semiample
and v˚OS “ O rC , the projection formula shows that u˚pM |Cq is semiample.
Moreover, by the Zariski connectedness theorem, ψ has connected fibres,
and so ψ|S and u have connected fibres as well. This in turn implies that
u is a universal homeomorphism; indeed it is a bijective morphism between
curves defined over an algebraically closed field (see [Kol97, Lemma 5.2]).
Thus M |C is semiample by Lemma 2.6. 
We are ready to tackle the case of nef dimension two. For the clarity of
the proof we first show an MMP-free version of Proposition 4.10.
Lemma 4.8. Let pX,∆q be a projective three-dimensional log pair defined
over an algebraically closed field k of characteristic p ą 3 such that the
coefficients of ∆ are at most one. Assume that L :“ KX ` ∆ is nef and
npLq “ 2. Then the following hold:
(1) there exists an effective Q-divisor D such that L ” D,
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(2) if L|SuppD „Q 0 for some D as above, then κpLq ě 0, and
(3) if L|SuppD ı 0, or L|SuppD „Q 0 and L „Q D, then κpLq “ 2.
Proof. Let ψ : X 99K Z be a nef reduction map for L. By the assumptions
on the characteristic and by Proposition 2.2, the generic fibre Xµ is smooth.
Let
X W
T Z
φ
g
ψ
f
be a diagram as in Proposition 4.2 with LZ being a Q-divisor on Z such that
g˚L „Q ψ
˚LZ and f
˚LZ „Q KT `∆T ´M for a pseudo-effective Q-divisor
∆T and an effective Q-divisor M satisfying f
˚LZ |SuppM ” 0. In particular,
Lemma 5.1 implies that there exists an effective Q-divisor DT on T such
that f˚LZ ” DT . Take
DZ :“
1
deg f
f˚DT ,
DW :“ ψ
˚DZ , and
D :“ gpDY q.
Therewith, LZ ” DZ and L ” D, thus (1) holds (here we use Remark 4.9).
Now, assume that L ” D1 for a possibly different effective Q-divisor D1
on X, and let D1W :“ g
˚D1. Since D1 ” L and D1 is effective, we get that
D1|Xµ „Q 0, and so Lemma 2.18 implies the existence of an effective Q-
divisor D1Z on Z such that D
1
W „Q ψ
˚D1Z . Since ψ is a contraction, we can
pick D1Z so that in fact D
1
W “ ψ
˚D1Z . Set D
1
T :“ f
˚D1Z .
If L|SuppD1 ı 0, then LZ ¨D
1
Z ą 0 and LZ is big. In particular, κpLq ě
2. Thus, we can assume that L|SuppD1 ” 0. To show (2) and (3), sup-
pose L|SuppD1 „Q 0. By Lemma 4.7, we get LZ |SuppD1Z „Q 0, and so
f˚LZ |SuppD1T „Q 0. Hence, we can conclude the proof by Lemma 5.1. 
Remark 4.9. Let f : X Ñ Y be a proper and generically purely inseparable
morphism between Q-factorial varieties and let L be a divisor on X such
that L ”f 0. Then L “
1
deg f
f˚f˚L by the negativity lemma. In particular,
if D1 ” D2 for some divisors D1, D2 on X, then f˚D1 ” f˚D2.
Proposition 4.10. Let pX,∆q be a projective three-dimensional Kawamata
log terminal pair defined over an algebraically closed field k of characteristic
p ą 5. Assume that KX `∆ is nef and npKX `∆q “ 2. Then KX `∆ is
semiample.
Proof. We only need to show that κpKX `∆q “ 2; indeed in this case the
semiampleness of KX ` ∆ follows from [Wal17a, Theorem 1.3]. Note that
κpKX `∆q ď npKX `∆q “ 2. By replacing X by its Q-factorialisation, we
can assume that X is Q-factorial.
By Lemma 4.8, there exists an effective Q-divisor D satisfying KX `∆ ”
D. Let pY,∆Y q and EY be as in Lemma 4.6, that is for some r ą 0:
‚ KY `∆Y is nef,
‚ npKY `∆Y q “ npKX `∆q and κpKY `∆Y q ď κpKX `∆` rDq,
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‚ KY`∆Y ” EY whereEY is an effective Q-divisor such that SuppEY Ď
t∆Y u.
By [Wal17b, Theorem 1.3], pKY `∆Y q|t∆Y u is semiample, and therefore
pKY `∆Y q|SuppEY is semiample as well. By Lemma 4.8 applied to pY,∆Y q
and EY , we see that κpKY `∆Y q ě 0.
We claim that in fact κpKY ` ∆Y q ě 2. To this end, we apply Lemma
4.6 to pY,∆Y q and a Q-section of KY ` ∆Y , obtaining a dlt pair pZ,∆Zq
satisfying
‚ KZ `∆Z is nef,
‚ npKZ `∆Zq “ npKY `∆Y q and κpKZ `∆Zq “ κpKY `∆Y q,
‚ KZ ` ∆Z „Q EZ where EZ is an effective Q-divisor such that
SuppEZ Ď t∆Zu.
Arguing as above, we get that pKZ `∆Zq|SuppEZ is semiample. Lemma 4.8
(3) applied to pZ,∆Zq and EZ implies κpKY `∆Y q “ κpKZ `∆Zq “ 2.
We are left to show κpKX ` ∆q “ 2. Since κpKY ` ∆Y q “ 2, we have
κpKX`∆`rDq ě 2. However, given that KX`∆ ” D, this is only possible
when pKX `∆q|D ı 0. By (3) in Lemma 4.8, we can conclude the proof of
the proposition. 
4.2.4. Proof of Theorem 3 and Theorem 4.
Theorem 4.11 (Theorem 3). Let pX,∆q be a projective Kawamata log ter-
minal pair of dimension three defined over an algebraically closed field k
of characteristic p ą 5. Assume that KX ` ∆ is pseudo-effective. Then
κpKX `∆q ě 0.
The proof follows from Proposition 4.4, Proposition 4.5, Proposition 4.10,
and [XZ18, Theorem 1.1] by ways of [KMM94, Lemma 2.4]. For the conve-
nience of the reader we append the argument of [KMM94] below.
Proof. Since the canonical ring is preserved under any MMP, it is enough
to show the theorem for a minimal model of pX,∆q. In particular, we can
replace pX,∆q by a minimal model (see [Bir16, Theorem 1.2]) and assume
thatKX`∆ is nef. Moreover, by replacing pX,∆q by its sub-terminalisation
(see [Bir16, Theorem 1.7]), we can assume that X is terminal and Q-factorial.
Let 0 ď λ ď 1 be the smallest number such that KX ` λ∆ is nef. Since
KX `∆´ pKX ` λ∆q is Q-effective, it is enough to show that KX ` λ∆ is
Q-effective. If λ “ 0, then the result follows from [XZ18, Theorem 1.1], thus
we can assume λ ą 0.
We have 1
λ
pKX ` λ∆q “ pKX ` ∆q `
1´λ
λ
KX , and so there exists a
KX -extremal ray R such that pKX ` λ∆q ¨ R “ 0 by [KMM94, Lemma
2.1] (though stated only for C, the result is a direct consequence of the
existence of bounds on lengths of extremal rays, true for klt pairs in positive
characteristic by [BW17, Theorem 1.1]). In particular, λ P Q.
If npKX ` λ∆q ď 2, then KX ` λ∆ is semiample by Proposition 4.4,
Proposition 4.5, and Proposition 4.10, thus we can assume npKX`λ∆q “ 3.
Let f : X 99K Y be the contraction of the ray R (or the corresponding flip
if the contraction is small). Since npKX ` λ∆q “ 3, the map f is birational.
Set ∆Y “ f˚∆. It is enough to show that the nef Q-divisor KY ` λ∆Y is
Q-effective, hence we can replace pX,∆q by pY, λ∆Y q and proceed as above
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by choosing a new λ. We can conclude the proof that κpKX ` ∆q ě 0
as any sequence of flips and divisorial contractions for terminal varieties
terminates. 
Remark 4.12. As it has been communicated to us by Tanaka, Theorem 4.11
holds in the relative setting for projective contractions φ : X Ñ Z such that
KX `∆ is relatively pseudo-effective. Indeed, by arguing as above we can
assume that KX ` ∆ is relatively nef. By [HNT17], we can compactify φ
to a morphism of projective varieties, and, by running the MMP over the
base, we can assume that KX ` ∆ is still relatively nef. Using the cone
theorem, we can find an ample divisor A on Z such that KX `∆ ` φ
˚A is
globally nef. By [Tan17, Theorem 1], we can assue that pX,∆` φ˚Aq is klt.
Hence, κpKX `∆`φ
˚Aq ě 0 by Theorem 4.11, and so KX `∆ is relatively
Q-effective.
Proof of Theorem 4. This follows directly from Proposition 4.4, Proposition
4.5, and Proposition 4.10. 
Further, we obtain the following result.
Corollary 4.13. Let pX,∆q be a projective Kawamata log terminal pair of
dimension three defined over an algebraically closed field k of characteristic
p ą 5. Assume that dimAlbpXq ą 0 and KX `∆ is nef. Then KX `∆ is
semiample.
Proof. Let g : X Ñ S be the connected-fibres part of the Stein factorisa-
tion of the albanese morphism, and let G be the generic fibre of g. Then
pKX`∆q|G is semiample by abundance for curves and surfaces (see [Tan16a,
Theorem 1.1]), and so κppKX `∆q|Gq “ nppKX `∆q|Gq.
In [Zha17, Theorem 1.2], it is shown that KX `∆ is semiample, except
when:
‚ dimS “ 2 and nppKX `∆q|Gq “ 0, or
‚ dimS “ 1 and nppKX `∆q|Gq “ 1.
In both of these cases npKX ` ∆q ă 3, so we can conclude the proof by
Theorem 4. 
Remark 4.14. The proof of the log abundance conjecture for three-dimensional
klt pairs in characteristic zero (see [KMM94]) consists of three steps: show-
ing abundance for terminal varieties, showing that any effective nef divisor
on a klt Calabi-Yau variety is semiample, and showing log abundance for
when npKX`∆q ď 2. The proof of the second step is quite similar in nature
to the proof of the first one. Note that Theorem 4 concludes the third step
of the proof of log abundance for threefolds in positive characteristic.
4.3. Low characteristic MMP. In this subsection, we show Theorem 5
and Theorem 6.
Lemma 4.15. Let pX,∆q be a projective three-dimensional log pair defined
over an algebraically closed field k of characteristic p ą 2 such that ∆ has
coefficients at most one. Let L be a Q-Cartier Q-divisor on X such that
L´ pKX `∆q is nef and big, and npLq “ 2. Then the following hold:
‚ if t∆u “ 0, then κpLq “ 2,
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‚ if k “ Fp, then L is semiample.
Proof. The proof follows from Proposition 4.2, Remark 4.3, and Lemma 5.1
analogously to the proof of Lemma 4.8. 
Note that in general the log canonical base point free theorem is false over
uncountable algebraically closed fields (see [MNW15, NW17]).
Theorem 4.16. (Theorem 5) Let pX,∆q be a projective three-dimensional
log pair defined over Fp for p ą 2 and let L be a nef Q-Cartier Q-divisor
such that L´ pKX `∆q is nef and big. Assume that
‚ pX,∆q is log canonical, or
‚ the coefficients of ∆ are at most one and each irreducible component
of t∆u is normal.
Then L is semiample.
Proof. If L is big, then this follows from [MNW15, Theorem 1.1]. Thus,
we can assume that L is not big, and hence Theorem 2.20 implies that
npLq ď 2. When npLq “ 2, we apply Lemma 4.15; when npLq “ 1, we apply
Proposition 4.5; and when npLq “ 0, we apply Lemma 2.7. 
Theorem 4.17 (Theorem 6). Let pX,∆q be a three-dimensional projective
klt pair defined over an algebraically closed field of characteristic p ą 2 and
let L be a nef Q-Cartier Q-divisor such that L ´ pKX `∆q is nef and big.
When npLq “ 0, assume dimalbpXq ‰ 1. Then κpLq “ npLq.
Proof. When npLq “ 3, this is Theorem 2.20; when npLq “ 2, this is Lemma
4.15; and when npLq “ 1, this is Proposition 4.5. In the case of npLq “ 0,
the proof is analogous to that of Proposition 4.4 after one notices that when
npLq “ 0, we have dim albpXq ď 2, since by bend-and-break X is covered
in this case by rational curves (see [Kol96, II, Theorem 5.14]). Taking a
Q-factorialisation is not necessary, because we assume that dimalbpXq ‰ 1
when npLq “ 0. 
5. Positivity of adjoint divisors on surfaces
The following lemma was a fundamental component in the above appli-
cations of the canonical bundle formula. On the first reading, the reader
might start by assuming that M “ 0; the reason we consider a non-zero M
is due to the fact that nef reduction maps need not be proper.
Lemma 5.1. Let X be a normal Q-factorial projective surface defined over
an algebraically closed field k of characteristic p ą 2, let ∆ be a pseudo-
effective Q-divisor, let L be a nef Q-divisor such that npLq “ 2, and let M
be an effective Q-divisor such that L|SuppM ” 0. Suppose that
L „Q KX `∆´M.
Then the following hold:
(1) there exists an effective Q-divisor D such that L ” D,
(2) if ∆ is big, then L is big,
(3) if k “ Fp, then L is semiample.
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(4) if L|SuppD is semiample for an effective Q-divisor D such that D ”
L, then κpLq ě 0. Similarly, if L|SuppD is semiample for an effective
D „Q L, then L is big.
In the proof we implicitly and freely use Remark 4.9 for birational mor-
phisms.
Proof. By replacing X (and ∆,M , D) by the minimal resolution of singular-
ities (by the log-pullback or pullback, accordingly), we can assume that X is
smooth. By adding a certain multiple of L to ∆, we can suppose henceforth
that L is Cartier. Further, by means of the MMP we can contract any KX -
negative extremal ray R satisfying L¨R “ 0. With X replaced by the output
of such a partial MMP, we can assume that KX ` 3L is nef thanks to the
cone theorem ([Tan14, Proposition 3.15], cf. the proof of Lemma 3.7). We
use that npLq “ 2 to ensure that the output of the MMP is of dimension two.
Note, that in Case (4) the assumption that L|SuppD is semiample might no
longer hold, but we can assume that there exists a birational morphism of
smooth projective surfaces f : Y Ñ X such that f˚L|Supp f˚D is semiample.
Last, we can assume that ∆1 andM have no irreducible components in com-
mon, where ∆ “ ∆1 `N is the Zariski decomposition with ∆1 effective and
N nef. Note that N is big and nef when ∆ is big.
We start by showing that M is nef. To this end, we pick a curve C Ď
SuppM . By assumptions, L ¨ C “ 0 and so
0 “ pKX ` 3L`∆´Mq ¨ C ě ´M ¨ C.
Thus M ¨ C ě 0 and M is nef. Moreover, M2 “ 0, as otherwise M is big
thereby contradicting npLq “ 2, and so M |SuppM ” 0.
First, we deal with (3), that is the case of k “ Fp. By Theorem 2.9, the
Q-divisor L`M „Q KX `∆ is semiample. Since npLq “ 2, the associated
semiample fibration is birational, and as pL `Mq|M ” 0 it must contract
M . This is only possible when M “ 0, hence L is semiample.
We turn our attention to (1) and (2). First, we will show that L is big
if ∆ is big or if X is not isomorphic to a rational surface or a ruled surface
over an elliptic curve. By contradiction, we can assume that L is not big,
i.e. L2 “ 0. Since npLq “ 2, we must have κpLq ď 0. Furthermore,
0 “ L2 “ pKX `∆´Mq ¨ L “ pKX `∆q ¨ L
and so KX ¨ L ď 0. If ∆ is big, then KX ¨ L ă 0.
By Serre duality H2pX,OXpmLqq “ 0, and so Riemann-Roch yields
H0pX,OX pmLqq “ H
1pX,OX pmLqq ´
1
2
mL ¨KX ` χpOXq.
Since κpLq ď 0, we have L ¨KX “ 0. This leads to a contradiction when ∆
is big, and so (2) holds.
Let us note that since KX ` 3L is nef, we have pKX ` 3Lq
2 ě 0, and
so K2X ě 0 (recall that L
2 “ KX ¨ L “ 0). We take π : X Ñ X
min to be
a morphism to a minimal model Xmin of X and proceed by classification
of surfaces. We cannot have κpXq ě 1 as KX ¨ L “ 0 and npLq “ 2. If
κpXq “ 0, then L ¨Excpπq “ 0 since SuppKX “ Excpπq. In particular, X is
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minimal given that KX ` 3L is nef. We shall now proceed by a case-by-case
analysis (cf. [MNW15, Proof of Theorem 1.4 (Case 1.3)]).
If X is a K3 surface, then χpOXq ě 2 and h
0pX,OX pmLqq ě 2 by the
Riemann-Roch theorem as above. In particular h0pX,OX pkmLqq ě k ` 1
for k P N which is impossible as κpLq ď 0. If X is an Enriques surface,
then it admits an e´tale double cover h : S Ñ X by a K3 surface S and by
Riemann-Roch h0pS,OX pmh
˚Lqq ě 2. This is again impossible.
If X is an abelian variety, then L is numerically equivalent to some semi-
ample divisor D (see [MNW15, Proposition 3.10]). Since npDq “ 2, we have
that D is big, and so L is big as well. If X is hyperelliptic, then it admits
a finite cover h : S Ñ X by an abelian variety S, and the same argument
gives that h˚L is big.
Last if X is a quasi-hyperelliptic surface, then it admits a surjective
morphism h : S :“ C ˆ P1 Ñ X, where C is an elliptic curve. Since
PicpSq » PicpCq ˆ Z and nph˚Lq “ 2, we get that h˚L is ample.
Therefore, we can assume that κpXq “ ´8. Since X is irrational, Xmin
is a ruled surface over a curve C of genus gpCq ě 1. By theory of ruled
surfaces, K2
Xmin
“ 8p1 ´ gpCqq ď 0. Since K2X ě 0, we get that in fact
X “ Xmin and gpCq “ 1.
To finish off the proof of (1) we need to show that L is numerically equiv-
alent to an effective divisor if X is rational or is a ruled surface over an
elliptic curve. In the latter case, this follows from [MNW15, Proposition
3.13]. In the former, L is in fact Q-effective; indeed χpOXq ą 0, and so by
Riemann-Roch κpLq ě 0.
We are left to show (4). By the above proof, we can assume that X
is rational or is a ruled surface over an elliptic curve. Let f : Y Ñ X be
the birational morphism such that f˚L|Supp f˚D „Q 0. Set LY :“ f
˚L and
DY :“ f
˚D. Replacing LY and DY by mLY and mDY , respectively, for
divisible enough m P N, we can assume that DY is an effective divisor. Then
Lemma 2.6 implies that pLY q|DY „Q 0. Further, since L
2 “ L ¨KX “ 0, we
have L2Y “ LY ¨KY “ 0.
First, we consider the case of DY ” LY . Assume by contradiction that
κpLY q “ ´8. Since X is rational or is a ruled surface over an elliptic curve,
we have χpOY q P t0, 1u and the Riemann Roch theorem
H0pY, kLY ´DY q “ H
1pY, kLY ´DY q ` χpOY q
implies H1pY, kLY ´DY q “ 0 for all k P Zą1. Thus, for the exact sequence
H0pY, kLY q
res
ÝÝÑ H0pDY , pkLY q|DY q Ñ H
1pY, kLY ´DY q,
we have that res is surjective. By taking k P N such that kLY |DY „ 0, we
get H0pY, kLY q ‰ 0, concluding the proof in this case.
When DY „Q LY , we apply Lemma 5.3 and obtain that κpLY q ě 1. Since
npLY q “ 2, this implies that LY is big. 
Remark 5.2. With notation as in the above lemma, L need not be Q-effective
when ∆ is not big and k fi Fp. Indeed, considerX :“ PCpOC‘Lq, where C is
an elliptic curve and L P Pic0pCq is a non-torsion line bundle. Let C1, C2 Ď
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X be two sections corresponding to OC and L. Then OXpC1 ´ C2q|C1 „ L,
and so C1 ´ C2 ” 0. Since KX „ ´C1 ´ C2, we have C1 ´ C2 „ KX ` 2C1.
Note that a big part of the proof is valid even if p “ 2; in fact the
assumption that p ą 2 is only used when X is birational to an Enriques
surface.
The following lemma, which was used in the above result, is a staple
among applications of the so called “evaporation technique”. Its proof is
exactly the same as that of Keel (see [Tot09]), but since we work with non-
integral curves we decided to append the whole argument for the convenience
of the reader.
Lemma 5.3 (cf. [Tot09, Theorem 2.1]). Let X be a smooth projective surface
and let D be a nef effective divisor such that D ¨ KX “ 0 and D|SuppD is
semiample. Then κpDq ě 1.
Proof. By Lemma 2.6, D|D is semiample. If D
2 ą 0, then D is big, so we
can assume that D2 “ 0 and D|D „Q 0.
By the Riemann-Roch theorem
χpOXpkDqq “
1
2
kD ¨ pkD ´KXq ` χpOXq “ χpOXq
for all k P Z. Take m P N to be the smallest number such that mD|D „ 0
and consider the following exact sequence for any 0 ď k ď m:
H0pX,OX ppk ´ 1qDqq H
0pX,OX pkDqq H
0pD,ODpkDqq
H1pX,OX ppk ´ 1qDqq H
1pX,OX pkDqq H
1pD,ODpkDqq.
Since χpOXppk´1qDqq “ χpOXpkDqq, we get that χpODpkDqq “ 0. Thus,
if 0 ă k ă m, then
H1pD,ODpkDqq “ H
0pD,ODpkDqq “ 0.
In particular, the above exact sequence provides a natural isomorphism
H1pX,OXppk ´ 1qDqq » H
1pX,OX pkDqq.
Therefore,
H1pX,OX q » H
1pX,OX pDqq » . . . » H
1pX,OX ppm´ 1qDqq.
By [Ser58, Proposition 12 and Section 9], there exists a finite morphism
f : Y Ñ X such that f˚H1pX,OX q “ 0, and so f
˚H1pX,OX ppm´1qDqq “ 0
as well. Now, take a nonzero section s P H0pD,ODpmDqq and consider the
following commutative diagram with DY :“ f
˚D:
H0pY,OY pmDY qq H
0pDY ,ODY pmDY qq H
1pY,OY ppm´ 1qDY qq
H0pX,OXpmDqq H
0pD,ODpmDqq H
1pX,OXppm´ 1qDqq.
resY δY
f˚
res
f˚
δ
f˚
Since f˚H1pX,OX ppm ´ 1qDqq “ 0, we have that δY pf
˚sq “ 0, and so
f˚s lies in the image of resY . Thus h
0pY,OY pmDY qq ě 2 and κpDY q ě 1.
By a standard argument (cf. [Kee99, Lemma 2.10]), we have κpDq ě 1. 
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